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Abstract

An improved version of the Coats-Redfern method of evaluating non-isothermal kinetic pa-
rameters is presented. The Coats-Redfern approximation of the temperature integral is replaced
by a third-degree rational approximation, which is much more accurate. The kinetic parameters
are evaluated iteratively by linear regression and, besides the correlation coefficieneshes
suggested as a supplementary statistical criterion for selecting the most prokahbBnism
function. For applications, both non-isothermal data obtained by theoretical simulation and ex-
perimental data taken from the literature for the non-isothermal dehydration of Mgk@w
been processed.

Keywords: evaluation of kinetic parameteistest, improved Coats-Redfern method, linear re-
gression, non-isothermal kinetics

Introduction

In the past few decades, determination of the mechanism function and calcula-
tion of the kinetic parameters from non-isothermal TG, DTA and DSC data have
been subjects of considerable interest. Consequently, a considerable number of
methods have been suggested whereby kinetic parameters can be evaluated from the
data of non-isothermal experiments.

In 1964, Coats and Redfern presented an integral method [1] which has since be-
come one of the most widely used methods in non-isothermal kinetic analysis. De-
spite the longevity of the Coats-Redfern method, not much has been done to improve
its performance. We refer to the following aspects: i) the Coats-Redfern approxima-
tion of the temperature integral is not very accuraté]ii) the selection of the
most probable mechanism function, based on the correlation coefficient of the linear
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regression analysis, does not seem to be always statistically well-founded, since the
maximum correlation coefficient may differ insignificantly from its lower values
[7, 8]; and iii) the graphical procedure suggested by the Coats-Redfern method leads
to single-valued kinetic parameteis énd IrA), whereas in a proper linear regres-
sion analysis it is also necessary to give the corresponding confidence intervals for
the evaluated parameters-[0].

In this work, we discuss the above-mentioned problems and develop an improved
iterative version of the Coats-Redfern method as a final outcome.

Theory

In non-isothermal kinetics, for the most usual case of a linear heating program
corresponding to a constant heating r@fe the dependence of the reaction rate on
temperatureT) and degree of conversion)(is described by the well-known differ-
ential equation [2, 3]

da/dT = (A/B)f(a) expE/RT] (1)

whereA is the pre-exponential factdg, is the activation energy, arfig) is the dif-
ferential conversion function, which characterizes the reaction mechanism.
Through variable separation and integration, Eq. (1) leads to

a T
g(a) = [da/f(a) = (A/B)[expl-E/RTIAT (2)
0 0

whereg(a) is the integral conversion function.
The integral on the right-hand side of Eq. (2) has no exact analytical solution, but
it can be approximated as follows [6, 11]:

.
[exp—E/RTIAT = (RIB)TPexg[~E/RTIQ(X) (3)
0

wherex=E/RT andQ(x) is a function which changes slowly withand is close to
unity. An alternative way to express the temperature integral [P2] is

:
[exp—E/RTAT = (E/RIp(X) (4)
0

where
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p(X) = I(sz) exp[x]dx (5)

X

If Egs (3) and (4) are taken into account, the following relationship betp{&en
andQ(x) is obtained:

P(x) = X 2exp[-X]Q(x) (6)
From relationship (3) and Eq. (2), one obtains
g(a) = (AR/BB) T2ex—E/RT]Q(X) (7)

which is the starting equation for many integral methods of evaluating non-isother-
mal kinetic parameters.
The Coats-Redfern method is based upon the following approximation [1]:

Qc r(¥) =(x—-2)/x=1-2RTIE (8)

which has rather a low accuracy-B; for example, the relative error of this ap-
proximation is-1.38% x=20, while for x=10 it becomes —5.18% [4, 6]. On inserting
approximation (8) into Eq. (7) and taking logarithms, one obtains

In[g(c)/T?] = IN[(AR/BRB) (1 -2RT/B)] —-E/RT 9

Since in generalRT/E<<1 and it exhibits a small variation wiih for practical con-
siderations it is assumed that the term2RT/E) is approximately constant and
equal to unity. Thus, for a given form gfa), the plot of In[gé)/T? vs. 1/T gives a
straight line whose slope and intercept allow an estimation of the values of the acti-
vation energy and pre-exponential factor, respectively. In order to identify the most
probable mechanism functiog(a), Coats-Redfern proposed the choice of that one
which ensures the best linearity, corresponding to the maximum value of the corre-
lation coefficient [1].

The first step in improving the method of Coats and Redfern is to choose a more
accurate approximation for the temperature integral. In the literature, one can find
several approximations which are more accurate that the Coats-Redfern approxima-
tion [2-6]. For our purposes, we consider the following third-degree rational ap-
proximation to be appropriate [4, 6]:

Q(X) = ( + 102 + 18x) / (¢ + 12¢ + 36x + 24) (10)

which ensures an error lower than-106°% for x>10.
After taking of logarithms and rearrangement, Eq. (7) becomes

In[g(e)/T?] = IN[Q(E/RT)] - In(AR/EB) + E/lRT=0 (11)
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For a given form ofy(a), the kinetic parameters can be evaluated on the basis of
Eqg. (11) by applying the least squares method [9, 10, 13]. In this case, the sum of the
squares of the residual terngs,g should be written as

N
Ses= Y IN[g(es)/T7] - IN[Q(E/RT)] — IN(AR/EB) + E/RT? (12)

i=1

whereN is the number of experimentally determined data poiatsT{). The values
of the kinetic parametews andE may be found from the condition of the minimum
in Seg Which yields the system of non-linear equations

0SedOA = 8S,oJOE = 0 (13)

Finding a numerical solution to this system is a quite difficult problem, which re-
quires complicated computational procedures [10]. These difficulties can be by-
passed, however, by considering an iterative procedure which transforms the evalu-
ation of the kinetic parameters from a non-linear regression [14].

To develop the iterative procedure, let us introduce the notations

IN(AR/EB) = a (14)
and
E/R=b (15)
With these notation§.sbecomes

N (16)
Ses= Y. [IN[9(o)/T7] = IN[Q(DIT)] — a+ b/Ti?

i=1
The minimization of5swith respect t@ andb can be solved by the following itera-
tive procedure.
Iteration (1)

To a first approximation, we considé(b/T)=1, and thus from Eq. (16) one ob-
tains

N (17)
Sresl = Z “n[g(ai)/Tiz] —a+ b/T“[z

i=1
The condition of the minimum i8¢ leads to the system of linear equations

0Ses /0= 0Se5/00 =0 (18)
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which can easily be solved to obtain a first estimateafandb;. In this way, the
kinetic parametersd; andE;) can be determined from Eqgs (14) and (15).

It should be emphasized that the graphical procedure suggested by Coats and
Redfern in fact gives the same kinetic parameters as obtained from system (18).
Iteration (2)

For this step, we assume that the following approximation is valid:

IN[Q(L/T)] = IN[Q(by/T})] (19)
and therefore Eq. (16) becomes

N (20)
Ses, = 3. [IN[9()/T7] = IN[Q(by/T))] — a+ b/Tf?

i=1

The new estimates of the parameteedb can be obtained by minimizir§s with
respect ta andb. This gives the system of linear equations

0Sies/08= 0Ses/0b= 0 (21)

whose solutions ara, andb,.

Iteration (K)
The approximation Ir(b/T;)] is
In[Q(b/T)] = In[Q(by_1/T)] (22)
wherehy_, is the estimation d obtained in iterationk{-1). If this approximation is
inserted into Eq. (16), one obtains

N
Sesk= Y {IN[g(ey)/T7] = IN[Q(by +/T))] — &+ bITy? (23)
i=1
The final estimation of the parametarandb can be obtained by solving the system
of linear equations

0Sesd0a=0Segl0b=0 (24)

The values o&, andby obtained in this way allow determination of the final values
of the kinetic parameter#gy{ andE,) on the basis of Eqs (14) and (15).
The minimization of5 is similar to the graphical procedure elaborated by Coats-
Redfern. Thus, for a given form gfa), the plot of {Injg(c)/T—IN[Q(by_+/Ti)]} Vs.
1/T gives a straight line whose slope and intercept allow estimation of the values of
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a, andby, and consequently the values of the pre-exponential fagtpafd activa-
tion energy Ey), respectively.

The iterative procedure is stopped when the following two conditions are ful-
filled:

la —ay _1l/a < e, (25)
and
by — by - 1l/by < & (26)

For application, we have usege,=0.001, which means that the difference between
the last two estimations is lower th&aé °%.

As the selection of the most probable mechanism function on the basis of only
the correlation coefficient) of the linear regression analysis does not always seem
to be statistically well-founded, i.e. the maximum correlation coefficient may differ
insignificantly from its lower values [7, 8], in this new version of the Coats-Redfern
method, besides the correlation coefficient,Fhmtio determined by applying tte
test [9, 10, 13] has been used as a supplementary statistical criterion to identify the
most probably mechanism functiay(e). Moreover, it will be shown that the resid-
ual mean squarg, [9, 13] cannot be used as a statistical criterion for selecting the
most probable mechanism function. Details are presented in the Appendix.

Applications and discussion

For applications, both non-isothermal data obtained by theoretical simulation
and experimental data taken from the literature for the non-isothermal dehydration
of Mg(OH), have been used. The most common mechanism funogi@)sused for
applications are listed in Table 1.

Table 1 Usual mechanisms from the literature and the corresponding forgta)of

No. Mechanism (o) Observations
1. Pm Power law a¥m m=1:2:3and 4
2. An Avrami-Erofeev {—In(l—on)]”n n=3/2;2;3and 4
3. R2 Contracting surface 2i1-0)"
4. R3 Contracting volume 3H1-a)
5. Fnn"-order reaction [2(1-0)* "/(1-n) g(a)=—In(l-a)ifn=1
6. D1 1-D diffusion o’
7. D2 2-D diffusion ot+(1-o)In(1-o)
8. D3 3-D diffusion [1-(1-0)) Y32
(Jander Eq.)
9. D4 3-D diffusion (1-2a/3)—(1-0)*®

(Ginstling-Brounshtein Eq.)
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Theoretical data

Three well-known mechanism functions have been employed to obtain simulated
non-isothermal data. These three cases are: 1. the equation for contracting volume (R3);
2. the Avrami-Erofeev equation far3 (A3); and 3. the Jander equation for 3-D diffu-
sion (D3). In every cas®=39 data pointso(,T) with the degree of conversion ranging
from 0.025 to 0.975 have been generated by using in Eq. (7) the following values for the
kinetic parameter€£=160 kJmol™* andA=6-10"min~*. A usual value of 10 Knin™
for the heating ratej was considered.

The values of the kinetic parameters evaluated by the improved Coats-Redfern
method and corresponding to cases 1, 2 are 3 are given in Table 2. To fulfil condi-
tions (25) and (26), three iterations were necessary; the indiéearadA refer to
the number of the iteration. In order to perform the numerical calculations required
by the minimization ofSes the ‘Linear Regression’ package of the Mathematica
software system was used [15, 16].

Table 2 reveals that, after three iterations, the obtained values of the kinetic pa-
rameters are identical with those used in the simulation. It should also be mentioned
that, between the values of the kinetic parameters calculated in the first iteration and
the last iteration, there are some differences, which are more significant for the pre-
exponential factor, i.e. for every case the valud;at about 10% less than the final
value Ay).

The effect of the differences between the Coats-Redfern kinetic paranmfgters (
andE,) and the kinetic parameters obtained by the improved Coats-Redfern method
(As andEjz) can be illustrated graphically. Figure 1 shows for cas8gHe simulated
(e, T) data points and thevs. T curves generated withy andE,, whereas Fig. 2 pre-
sents the corresponding data points andxthie. T curves generated wits andEs.

It is obvious from these illustrations that thes. T curves generated withs andE;
fit the 39 data points much better than do d¢hes. T curves generated by usidg
andE;.

At the same time, the correctness of the fit can also be appreciated quantitatively
by using the arithmetic mean of the absolute values of the relative eg)sife.

N

Sips= (1/N) Zl(acalc,i - OLsim,i)/ocsim,il (27)

i=1

In the above expressiong, is the value ofx obtained by numerical simulation,

Ocac IS the value ofo determined by using the evaluated kinetic parameters in
Eg. (7), and the significance bNfhas been clarified previously. It is worth mention-

ing that, the smaller the value 8§, the better the goodness of the fit. Table 3 shows
the values o5,psfor cases 1, 2 and 3, as determined with the kinetic parameters ob-
tained by the Coats-Redfern method and by the improved Coats-Redfern method.
Obviously, a better correlation betweep,. ando;,, can be observed when the ki-
netic parameters obtained with the improved method are involved.

J. Therm. Anal. Cal., 58, 1999



URBANOVICI et al.: IMPROVED COATS-REDFERN METHOD

690

¢;0000°9 000°09T €TOT00'9 000°09T c0BIY'S Z8L'6ST 2ler(0-T)-T1 €
¢0000°9 000°09T €TOT00'9 000°09T c0DSE'S 0€.'6ST e [(P-T)ul-] K4
£0000'9 000°09T €TOT00'9 000°09T 0B9E'S 2v.L'6ST le;(>-T)-TlE T
unwfy low p1/ff3 LUy low py/°3 Luiwyy low py/3 (0)6 ‘ou 8se)

suoIeJall JO Jagquinu ay) 01 J1aJal ypue
SlIEgRIgEI T SaSLD 0] HuipuodsalIod pue PoyIsW UIaIPay-S1eo) paroidl 8yl Yim pare|nojes siaiswered onaun| syl Jo Sanfeaz ajgel

J. Therm. Anal. Cal., 58, 1999



URBANOVICI et al.: IMPROVED COATS-REDFERN METHOD 691

08}
c
9
[4
00.6
<
Q
18]
k]
gOA
o
Q
a

02+t

Case 3
0L, . . . N .
450 475 500 525 550 575 600

Temperature /K

Fig. 1 Simulated ,T) data points (...) and thevs.T curves generated with the kinetic pa-
rameters evaluated by using the classical Coats-Redfern method for €ases 1

0.8
c
Qo
&
00.6
[=4
3
k]
v04r
4
(=)
3
a
0.2
Case 3 Case 1 Case 2
0t . . .
450 475 500 525 550 575 600

Temperature / K

Fig. 2 Simulated ¢,T) data points (...) and thevs.T curves generated with the kinetic pa-
rameters evaluated by using the improved Coats-Redfern method for €ases 1

Table 3 The values of,,  for cases 1, 2 and 3, determined with the kinetic parameters obtained
by the Coats-Redfern method and the improved Coats-Redfern method

Case no. Coats-RSék}sérn method improved Coeiesb-sRedfern method
4.11010°° 7.44910°
1.09410™" 1.79010°°
1.91110°2 5.54410°°
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Non-isothermal dehydration of Mg(OH)

The thermogravimetric data for the dehydration of magnesium hydroxide have
been taken from Ref. 17. Evaluation of the kinetic parameters is made for case 1, in
which the value oN is 21, with the degree of conversion ranging from 0.0251 to
0.7950. The results obtained by linear regression after three iterations, for the most
usual mechanisms from the literature, are given in Table 4.

The most probable value nfcorresponding to thEn model is determined from
the condition of the maximum in the value of theatio, i.e.

d(F - ratio(n))/dn =0 (28)

In order to describe the functional relationship betweand theF-ratio, a 4th-
degree polynominal was involved by using the ‘Polynominal’ package of Mathe-
matica [16]. By solving Eq. (28) numerically, a value of 1.777 was found. fdhe
above procedure is illustrated graphically in Fig. 3, while the regression results ob-
tained forn=1.777 are listed in Table 5.

From the data presented in Tables 4 and 5, it can be inferred that the most prob-
able mechanism function Fn with n=1.777. This result is supported by two of the
statistical criteria used for selection, ireand theF-ratio. At this point, it should be
emphasized that thfe-ratio seems to be a more suitable statistical criterion than the
correlation coefficient, as its value depends more significantly on the form of the
mechanism function.

In Refs 7 and 18, Vyazovkiet al. suggested that the residual mean squares can
be employed to determine the most probable mechanism function. TheSygdaf
our particular case (Table 4) yields the Avrami-Erofeev mechanismrmwititA4), a
result which is not supported by the corresponding valuesdad theF-ratio. We
consider, therefore, th&,? cannot be used as a statistical criterion for determining
the most probable mechanism functig(y); additional details are given in the Ap-
pendix.

(1.777, 28288.5)-max
28000

26000 |

24000

ratio

22000

F

20000

18000
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Fig. 3Dependence of the-ratio onn for Mg(OH),
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Table 6 shows the values of the kinetic parameters evaluated in the present work
and, for comparison, two sets of values given in Refs 7 and 17 for the same experi-
mental data. For each set of kinetic parameters, the quality of the fit is appreciated
guantitatively by the sum

N (29)
Sabs= (1/N) Z| (acalc,i - OLexp,i)/OLexp,i |
i=1

wherea,,, is the experimental value of the degree of conversiomgpds the value
determined by using the evaluated kinetic parameters in Eq. (7).
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Fig. 4 Experimental ¢,T) data points (...) for Mg(OH)and thex vs.T curve generated with
the kinetic parameters evaluated by using the classical Coats-Redfern method
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Fig. 5 Experimental ¢,T) data points (...) for Mg(OH)and thex vs.T curve generated with
the kinetic parameters evaluated by using the improved Coats-Redfern method
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It can be concluded from the data presented in Table 6 that the kinetic parameters
evaluated by the improved Coats-Redfern method and by the method of Vyazovkin
and Lesnikovich [7] give the best description to the experimental data: in both cases,
the values o5,sare low and very close. A satisfactory description is given by the
kinetic parameters evaluated by the classical Coats-Redfern method, while the
method suggested by Fong and Chen [17] furnishes kinetic parameters which de-
scribe the experimental data less accurately. It should also be mentioned that the
agreement between the kinetic parameters evaluated by various methods is satisfac-
tory.

08r
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Fig. 6 Experimental ¢,T) data points (...) for Mg(OH)and thex vs.T curve generated with
the kinetic parameters evaluated by using the method of Fong and Chen
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Fig. 7 Experimental ¢, T) data points (...) for Mg(OH)and thex vs.T curve generated with
the kinetic parameters evaluated by using the method of Vyazovkin and Lesnikovich
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In order to illustrate the afore-mentioned observations graphically, Figsl&-
pict the experimental data points and ¢hes. T curves generated by substituting the
kinetic parameters from Table 6 in Eqg. (7). It can be observed that, the lower the
value ofS,,4 the better the fit.

Conclusions

(1) An improved iterative version of the classical Coats-Redfern method has been
presented.

(2) Besides the correlation coefficient, theatio is suggested as a supplemen-
tary statistical criterion to determine the most probable mechanism function.

(3) The new method has been applied successfully in the processing of both non-
isothermal data obtained by theoretical simulation and experimental data taken from
the literature on the non-isothermal dehydration of Mg(OH)

(4) The values of the kinetic parameters for the dehydration of Mg(@xd)in
good agreement with those given in the literature.

Appendix

In linear regression, we consider the problem of fitting a s&t d&ta points
(x,yi)=1, 2, ..N to a straight-line model [9, 10, 13]:

y =a+bx (A1)

For every pair of valuesq(y;), it is assumed thag (independent variable) is fixed,

and thaty; (dependent variable) is a random variable. It is usually assumed further
that the random errors are normally distributed with zero mean; thus, we obtain es-
timates of the parametesisandb by minimizing the sum of the squares of the resid-
ual terms [9, 10, 13]

N
Sres: z (Yi —a- bx)z (A2)

i=1
with respect ta andb. This gives the system of linear equations
0Sedda=0Sdob =0 (A3)

which can be solved in order to evaluate the model paranzeserdb.

For the particular case of the improved Coats-Redfern method, the dependent
variable §) becomes {In[g&)/T?-In[Q(by_,/T)]}, while the independent variable is
T,

In order to identify the most probable mechanism functifum), besides the cor-
relation coefficient, we suggest thkeratio as a supplementary statistical criterion.

J. Therm. Anal. Cal., 58, 1999



URBANOVICI et al.: IMPROVED COATS-REDFERN METHOD 699

The F-ratio is evaluated by performing tletest [9, 10, 13, 16]. In this way, the
value of theF-ratio is expressed as

F —ratio= S¢Sy (A4)
where
N
Seeg=b2_ (5 = %) (¥i - Y) (A5)
i1
and
Sy? = [1/(N = 2)] Sees (AB)

is the residual mean square. In relationship (A&ndy denote the means wfand
y, respectively.

TheF test provides a comparison of the given model with a smaller one including
only a constant term. Actually, we test the null hypothdsif)vs. the alternative
hypothesisi§=0) [9, 16]. If the value of thEé-ratio is large, the null hypothesis sup-
porting the smaller model is rejected. It should also be mentioned that, the higher the
value of theF-ratio, the better the fit, and thus theatio can be used as a statistical
criterion to determine the most probable mechanism model.

The numerical calculation required by the minimizatioBgfis performed by using
the ‘Linear Regression’ package of the Mathem&tamftware system [16].

Besides the values af b, 1, Ses S,2 and theF-ratio, this package provides the
confidence intervals faa andb [16]. For all applications, a confidence level of 95%
has been considered.

Finally, it should be stressed that the residual mean scigreyhich is, in fact,
an unbiased estimator of the variance of the distributigr{9] cannot be used as a
statistical criterion for selecting the most probable mechanism fungffaiy, as
suggested by Vyazovkiet al. [7, 18]. This is due to the fact that, for different
mechanism functions, we have different magnitudes of the values of the dependent
variabley=In[g(c)/T?]-In[Q(by_4/T;)], and consequently &2 [19]. The results pre-
sented in Tables 4 and 5 support the above statement.

* * *
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